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1)

a) OA=2i-2j+k OB=4i—-j—k  OC=3i+3k
i. AB = A0 + 0B = 2i+j— 2k

AC=40+0C =i+2j+2k

0A.AB = (2i — 2j + k). 2i + j — 2k)
=Q2x2)+(-2x1) +(1x-2)=0

04.AC = (2i — 2j + k). (i + 2j + 2k)
=Q2xD+(-2x2) +(1x2)=0

AB and AC both perpendicular to OA

1i. 0B.0C = |ﬁ| |W‘)| cos @
Where 0 is the angle between OB and OC
(4i —j — k). (3i + 3k) = V18.V/18cos6; |0B| = |0C| = V18
12—-0—3 =18cos 0

0 ==
COS B

6 = 60°

1 — —_—
iii. 5= |AB X BC| = area of the triangle ABC

i kK
|ABxBC|=[2 1 —2|=16i—6j+3kl=v81=9
12 2

Area of the triangle ABC = % X 9 square units

b) 0




Given that OABC is a tetrahedron and OA perpendicular to BC and OC perpendicular
to AB.

To prove: - OB perpendicular to AC

Proof:- Let the position vectors of 4, B, C are a, b, ¢ respectively with respect to O

ﬁ:a,ﬁzb,ﬁ:c,ﬁzc—a,ﬁzb—a,ﬁzc—b

OA perpendicular to BC
0A.BC =0
a.(c—b)=0
ac—ab=0-—-(1)
OC perpendicular to AB
0C.AB=0
c(b—a)=0
cb—ca=0-—--(2)
(1) +(2)
cb—ab=0 sincea.c =c.a
b.(c—-a)=0
0B.AC =0
~ OB perpendicular to AC
Let

04 = —3i+2j — 4k
OB =—6i—3j—k
0C = —5i—7j — 3k
0D = —2i —2j — 6k

+ 0B = —(—3i + 2j — 4k) + (—6i — 3j — 1k) = —=3i — 5j + 3k
+0C=—(-3i+2j—4k)+ (-5i—7j—3k) = —2i—- 9+ k
+0D =—(-3i+2j—4k) + (-2i—2j — 6k) = i—4j — 2k

i j ok

-3 -5 3

-2 -9 1
=(-5+27)i+(—6+3)j+ (27— 10)k
=22i—-3j+17k

AB x AC.AD = (22i — 3j + 17k)(i — 4j — 2k)

=22+12—-34

=0




b)

or

s v |3 -5 3
ABXAC.AD=|-2 -9 1([=0
1 -4 -2

Hence the given four points are coplanar.
Alternative method

If A,B,C,D are coplanar
then AB // CD or AB and CD are intersect

If AB// CD;
then AB = ACD
AB = —-3i—5j + 3k
CD =CO + 0D
= —(=5i — 7j — 3k) + (—2i — 2j — 6k)
=3i+5j— 3k
~ AB =DC
~ AB//DC

~ A,B,C,D are coplanar.

a+b+c=0-—--(1)

1) xa (a+b+c)xa=0xa
aXxa+bxa+cxa=0
bxa+cxa=0
cxa=—-bxa
cxa= axb———-(2)
(Dxb (a+b+c)xb=0xb
axXb+bxb+cxb=0
axXxb+cxb=0
axXb=—-cxb
axb= bxc——-(3)

From (2)and (3) axb=bXxc=cXa
ax(bxc)=(a.c)b—(a.b)c——-—-(1)

bx(cxa)=(b.a)c— (b.c)a———(2)
cx(axb)=(cb)a—(c.a)b——-—(3)



9)

M+@+0B)

ax(bxc)+bx(cxa)+cx(axb)
= (a.c)b— (a.b)c+ (b.a)c — (b.c)a+ (c.b)a — (c.a)b
=0

a+b+c=0—--(1)
la| =5, |bl=7, lel =3

(D.a

(a+b+c)a=0.a
aa+ba+ca=0

|a|? + |b||a| cos 8 + |c||a] cosp =0

where 0 is the angle between a and b
where ¢ is the angle between a and ¢
la] #0

|al + |b|cos @ + |c|cosp =0
5+7cosf+3cosp =0———(2)

(1).b

(a+b+c).b=0.b
ab+b.b+c.b=0

|a||b|cos 8 + |b|? + |c||b] cosy =0

where 0 is the angle between a and b
where y is the angle between b and ¢
|b| # 0

|al cos8 + |b| + |c|cosy =0
5cos@+7+3cosy =0———(3)

(D.c

(a+b+c).c=0.c
a.c+b.c+cc=0

lal|c| cos @ + |b||c|cosy + |c|? =0

le] #0

|al cos@ + |b|cosy + |c| =0



d)

5cos@ +7cosy+3 =0———(4)
B)x7—-(4)x3

35cos0 —15cosp +49—-9=0
35cos0 —15cosp +40=0

7cosf@ —3cosp+8=0———(5)
(2) - ()
6cosp+5—8=0
_1
cosp =
s @ =60°

Angle between ¢ and a is 60°

0

OD=pub OC=la
AE = aAB

A0 + OE = a(A0 + 0B)
ﬁza(—a+b)+a

OE=(1-a)a+ab———(1)

AE _ 0<a<i

AB—CZ a

Since OC = Aa and OD =ub

» 0F = (1 - B)Aa+ fub — — — (2)

From (1) & (2)
I1-a)=0-pPrA-—--03)

a=pu———04)

1—-puw)=00-p4
pA-w=0@-1)
PR G

)



« from (2)

— _(A—l) 1-1)
OFE = <1 —(A—y))/la—i_—(l—y)ﬂb

(A—wOE =((A-w - A—-1)a+ @ - Db
(A= wOE = (1 —wAa+ (A — Db

w—ADe=@-Dia+ (1 - Dub

Where OF = e
We have from (4)

1-1

a=ﬁu=u—(l_u)

i.

1i.

1ii.

If E is the midpoint of AB

[En

a==

2

1 1-1)
a:—:

2 e
A—u=2ul—2u
A+u=2ul
1_|_1_2
A u

If E is the midpoint of CD then

ﬁ_l_&—l)
2 (A-w

A—u=21-2

A+pu=2

CF , F /
Let—=a and—=p
CB AD

From (1) OF = (1 — a)da + a'b — — — (5)
From (2) OF = (1-B8Ya+pB'ub———(6)
From (5) and (6)
1-adl=1-p a'=pu
1-pwi=1-p
A-1=p"QAu—-1)

, A—-1

A :/1/1—1
From (6)
— A—-1 A—-1
OFz(l_Au—1>“+(/m—1>“b

(Au—1)OF = (A — Da+ (A — Dub



a)

(Au — 1DOF = 2(u — Da+pu(A —1)b
A —1Df =A(u—Da+u(d-1b

If Au # 1 the point F does not exist.

fA)=22-21+2
a=(1 D)

eeaa=( DG DG

f(A) =A% — 24+ 21
(7T Pl )
=0 o

“f(A)=A?-24+421=0

fA+D)=0Q+?>-21+i)+2

=1+2i—-1-2-2i+2
=0

L f(14+0) =0

14+i)°=1°+6i—15—-20i+15+6i—1

(1+0)°=-8i

22 =fg) +ar+p

When A = (1 +1i)

A+)°=fA+DgA+D)+a@+D+p
-8i=ai+a+p

a=-8 a+B=0

B =8
2% =f(Hg)—81+8
When 1 =4

AS = f(A)g(A) —8A + 8I



AP =0 —8A+8I fA) =0
_0_af(-1 -5 10
=0-8(7 3)+8(p o)
~ (16 40y

-8 16

6 _ 2 5

A —8(_1 2)

b) xX+y+z=6
X—y+2z=5
3x+y+z=28

2x —2y+3z=7
1 1 17, [6
1 -1 2[5 _ |5

-3 1 1 [32’]_ 8
2 =2 3 7

L 12 . :
2 =2 3 7
~AX =B
1 1 1 6 R, » R, — Ry 1
|11 -1 2 5|=———==10
A,b—_3 1 1 8R3—)R3—3R10
2 -2 3 7]RaRs—2ZRi]y
1 1 1 6 1
0 -2 1 -1 — |0
0 0 -1 -3| p.oRs/ |0
o 0o -1 -3 ° /30
l«R4__)R4__R3
1 1 1 6
0 -2 1 -1
0O 0 -1 -3
0 O 0 0
1 1 1 6
10 =2 1 -1
Ab=1g o -1 -3
0 0 0 O

1 1 6
-2 1 -1
-2 =2 =10
—4 1 -5

R3 - R3 — R,
Ry, —» R, — 2R,
1 1 6

-2 1 -1

0 -3 -9
0 -1 -3

~ We can say that Rank [4, b] = 3, Rank [4]=3



).

We can rearrange the above

x+y+z=6
—2y+z=-1
—z=-3

- by using backward substitutions

z=3

y=2

x=1
x—4y+5z=18

3x+7y—z=3

x+ 15y —11z =14

1 -4 5 |px 8

3 Al

1 15 111tz 14
4 5

1 —
AX=B ;A=|3 7 -1
1 15 -11

detA=1(-77+15)+4(-33+1)+5(45-7)
=-62—-128+190=0

1

detA =0 |3

—4
7|;to
~Rank A =2

1 -4 5 8
A,b=[3 7 -1 3]

1 15 -11 14

-4 5 8

Wehave |7 -1 3|=-4(—14+33) —5(98 — 45) + 8(—77 + 15) # 0
15 —-11 14

~Rank (4,b) =3

~ Rank (4, b) >Rank A

~ The equation are inconsistent and that there exists no solutions



a)

b)

x+2y—3z—4u==6
x+3y+z—-2u=4

2x +5y —2z—5u=10

1 2 -3 —41[*] 716
[1 31 —zl§’=[4l
2 5 —2 -sl,| Lo

1 2 -3 —4
A=|1 3 1—2]
2 5 —2 -5
12 -3 —4 6]R, >R, —R, |!
2 5 —2 -5 10lf3 7Tk

1 0 -11 o0 10
0 1 4 0 -2

R, > R, — 2R, [1
00 0 10

R2 g R2 - 2R3
~We can say that Rank (4, b) =3

Rank 4 =3
The equations are consistent.
~We have

x—11z =10
y+4z=-2
u=20
~x=10+11z
y=—(2+4z)
u=20
thus the infinite number of solutions.
X1 +3x, —2x3=0
2x1— x5 +4x3 =0

X1 — 11x2 + 14X3 =0

10

2
1
1

(=N ]

-3 -4 6
4 2 =2
4 3 =2
J, R1 g R1 - 2R2
Rz > R3 — R,
-11 -8 10
4 2 =2
0 1 0

Z is arbitrary.



1 3 =21™] [0
a2 =1 a||x|=]|o
1 -11 14llxs] Lo

1 3 =2
A=12 -1 4
1 -11 14

det A = 1(—14 + 44) + 3(4 — 28) — 2(=22+ 1)

=30—-72+42
=0
detA=0
~rank A =2 rank A < number of unknowns

- the given system will have an infinite number of solutions.

1 3 -2|p, oR,—2r, [I 3 -2 1 3 -2
1 —11 14] 377 M 1 —-14 16 0 O 0

The equivalent system

X1+3XZ_ZX3=0

—7x2 +8.X3 = 0
8
Xy = 7X3
24 10
x1 = ZX3 _7X3 = _7X3
_ 10 _8
X = 7x3 x2—7x3

Where x5 is arbitrary.

a®> 1-a*> 1+4® a> 1 144 a®> 1 a

b? 1-b% 1+b3|C,>C+C b2 1 1+b3|C3>C3—Co[b%2 1 b3

x2 1—x% 1+x8 x2 1 1428 x%2 1 x3
Rl_)Rl_R3
RZ_)RZ_R3

a+x 0 a?+ax+x? a?—x*> 0 a3—x3

(@a=x)(b—=x) [b+x 0 b2+ bx+ x? b2 —x2 0 b3—x3
x> 1 x3 x2 1 x3
J'Rl_)Rl_RZ
a—-b 0 (a®-b?+(a—b)x
(a=x)(b—x) |[b+x 0 b% + bx + x?
x2 1 x3

11



1 0 a+b+x
b+x 0 b%+bx+x?
x2 1 x3

(a—x)(b—x)(a—Db)

\)

b 0 at+b+x
b2 +bx 0 b?%+ bx+ x?
x? 1 x3

a=x)0 - b)

=(a—x)(b—x)(a—-b)[-(b?>+bx+x*)+(a+hb+x)+ (b+x)]

= (a—x)(b—x)(a—b)[-b%? — bx —x%? + ab + b? + bx + +ax + bx + x?]
= (a —x)(b — x)(a — b)[ab + ax + bx]

=(a—x)(b—x)(a—Db)[(a+ b)x + ab]

_ —ab
x_a+b

Whena=—-b a+b=0 A=ab(a—x)(b—x)(a—b)

= 2™ degree.

12



